We consider a fourth-order eigenvalue problem on a semi-infinite strip which arises in the study of viscoelastic shear flow. The eigenvalues and eigenfunctions are computed by a spectral method involving Laguerre functions and Legendre polynomials.
Problem formulation
The problem to be considered is to find the eigenvalues Λ and eigenfunctions χ of the fourth order boundary value problem This problem arises in the study of linear stability of torsional flow of a viscoelastic fluid between two parallel-plates in the limit as the aspect ratio α approaches zero [1] ; and between a cone and a plate as the gap angle α approaches zero [2] . It also arises in the study of non-isothermal flow of a viscoelastic fluid between two parallel plates [3] . The linear stability of axisymmetric viscoelastic torsional flow has been considered for selected values of α, when α is small by Olagunju [2] and Renardy and Renardy [4] . Equation (1.1) was obtained as the inner equation in a singular perturbation expansion of the linear stability problem as α → 0 [2] .
In this paper we will solve the problem (1.1)-(1.3) by a spectral method. Before doing so, we first prove the following theorem. Similarly, take the complex conjugate of (1.1), multiply by χ and integrate by parts to obtain
(1.5) Dividing (1.4) by Λ, and (1.5) byΛ and adding we obtain (Λ
) Ω |∇ 2 χ| 2 dA = 0, from which it follows that (Λ +Λ) = 0.
Numerical solution
In this section we employ a spectral Galerkin method to compute some of the eigenvalues and eigenfunctions of (1.1)-(1.3). We seek a solution of the form
where the functions Φ m (x) and Ψ n (y) are chosen to satisfy the boundary conditions. Specifically, for k = 0, 1, · · ·, we choose for Ψ k the following functions proposed by Shen [5] 
where P k (y) is the Legendre polynomial of degree k and
where the Laguerre function
, and L k (x) is the Laguerre polynomial of degree k [6, 7] . From the properties of Laguerre polynomials it follows that
The use of Laguerre functions instead of Laguerre polynomials has been shown to be more stable in numerical computations on semi-infinite intervals [8, 9, 10] .
we obtain the linear system
The matrices B = (b ij ) etc, are defined as follows
and 
10)
, g mm+1 = m + 1 m + 2 (2.11) and
The non-zero values of c ij and e ij were given in [5] and are quoted here as follows 
T and the matrices A and B are given by
and B C is the tensor product of B and C. Equation (2.16) can be solved using a standard software package for the eigenvalues Λ and eigenvectors V. Note that the eigenfunctions separate into either an even function or an odd functions of y. The first three eigenvalues Λ 1 , Λ 2 , and Λ 3 in increasing order of |Λ| are given in Table 1 . As remarked above, equation (1.1) is the leading term in a singular perturbation expansion of χ as the aspect ratio α → 0. In
Odd ±14.407i ±15.034i ±16.023i Table 1 : Eigenvalues for the even and odd eigenfunctions [2, 4] , the critical eigenvalue with the smallest absolute value was calculated for selected values of α. It should be pointed out that the equation solved in [4] was obtained in [1] through an order of magnitude type argument and not as a rational asymptotic limit for small α. So while we expect the results to be close when α is small, we do not expect exact agreement with the results obtained here. For purposes of comparison note that the eigenvalue λ in [4] and Λ in [2] Table 1 are shown in Figure 1 for the even eigenfunctions, and in Figure 2 for the odd eigenfunctions. 
